We propose a scheme for the observation of micro-macro entanglement in photon number based on amplifying and de-amplifying a single-photon entangled state in combination with homodyne quantum state tomography. The created micro-macro entangled state, which exists between the amplification and de-amplification steps, is a superposition of two components with mean photon numbers that differ by approximately a factor of three. We show that for reasonable values of photon loss it should be possible to detect micro-macro photon-number entanglement where the macro system has a mean number of one hundred photons or more. [6] [7] [8] [9] . Within non-linear optics, one can distinguish proposals based on Kerr non-linearities [6] , and proposals and experiments based on parametric down-conversion [7] [8] [9] . The latter area has recently seen significant activity, a lot of which was stimulated by Ref. [9] , which claimed the creation and detection of entanglement in polarization between a single photon on one side and thousands of photons on the other. The state was created starting from a single polarization entangled photon pair, by greatly amplifying one of the photons using stimulated type-II parametric down-conversion (i.e. a two-mode squeezing interaction involving both polarization modes). Ref. [10] subsequently showed that the evidence for micro-macro entanglement given in Ref. [9] was not conclusive, and Ref. [11] showed that in order to rigorously prove the presence of entanglement for the state of Ref. [9] , one would need to be able to count the photons on the macro side with single-photon resolution, which is a significant technological challenge. Several other results also suggest that the observation of entanglement by direct measurement on macroscopic systems generally requires very high resolution, which also implies very low photon loss in the case of multiphoton states [7, [12] [13] [14] .
The goal of pushing the observation of quantum effects such as superpositions and entanglement towards the macroscopic level is currently being pursued in a number of different fields, including trapped ions [1] , superconducting circuits [2] , nano-mechanics [3] , microwave cavities interacting with atoms in Rydberg states [4] , atomic ensembles [5] , and nonlinear optics [6] [7] [8] [9] . Within non-linear optics, one can distinguish proposals based on Kerr non-linearities [6] , and proposals and experiments based on parametric down-conversion [7] [8] [9] . The latter area has recently seen significant activity, a lot of which was stimulated by Ref. [9] , which claimed the creation and detection of entanglement in polarization between a single photon on one side and thousands of photons on the other. The state was created starting from a single polarization entangled photon pair, by greatly amplifying one of the photons using stimulated type-II parametric down-conversion (i.e. a two-mode squeezing interaction involving both polarization modes). Ref. [10] subsequently showed that the evidence for micro-macro entanglement given in Ref. [9] was not conclusive, and Ref. [11] showed that in order to rigorously prove the presence of entanglement for the state of Ref. [9] , one would need to be able to count the photons on the macro side with single-photon resolution, which is a significant technological challenge. Several other results also suggest that the observation of entanglement by direct measurement on macroscopic systems generally requires very high resolution, which also implies very low photon loss in the case of multiphoton states [7, [12] [13] [14] .
These results inspired the work of Ref. [15] , which proposed to prove the existence of micro-macro polarization entanglement by de-amplifying the macro part of the state of Ref. [9] back to the single-photon level. As entanglement cannot be created locally, if entanglement is detected at the singlephoton level, this proves that micro-macro entanglement had to exist after the amplification stage. This approach has two advantages. On the one hand, the final measurement can be done by single-photon detection, which is much simpler than counting large photon numbers with single-photon resolution. On the other hand, the entanglement is primarily sensitive to loss between the amplification and de-amplification stages, which is easier to minimize in practice than the overall loss, which also includes detection inefficiency.
Most of the previous work in this area was concerned with polarization (or spin) entanglement [7, 9, [12] [13] [14] [15] . Here we propose to apply the amplification-deamplification approach to create and detect a different -quite striking -type of entanglement, namely micro-macro entanglement in photon number. Instead of starting from a polarization entangled photon pair, we propose to start from a single-photon entangled state, which can be created by sending a single photon onto a beam splitter [16] [17] [18] [19] . The presence of single-photon entanglement can be proven experimentally by homodyne tomography [17] , and also by a combination of interference and single-photon detection [20] . Using single-photon entanglement as a starting point, one can create a micro-macro photon-number entangled state by amplifying one side via stimulated type-I parametric down-conversion (i.e. a single-mode squeezer). The resulting state is a superposition of two components with largely different mean photon numbers. This distinguishes our proposal from another recent proposal, where micro-macro entanglement is created by displacing (rather than squeezing) one half of a single-photon entangled state [21] . In that case the mean photon numbers of the two superposed components are very similar. Micro-macro photon number entanglement as suggested here could in principle be used to test proposals for fundamental decoherence in energy [22] .
In the following we describe our proposal in more detail, taking into account the effects of photon loss, see also Figure  1 . We start by sending a single photon onto a balanced beam splitter. The output state is a single-photon entangled state
The photon in arm B is then subjected to the unitary evolution S = e −iHt where
is the single-mode squeezing Hamiltonian, which can be implemented by type-I parametric down conversion. The total state after the application of S becomes where
and
with r = χt. For large enough squeezing parameter r the state |ψ s is a superposition of two components with largely different mean photon numbers. To see this, we calculate
For large enough values of r one has n 1 /n 0 ∼ 3. In Figure  2 we show the photon number distributions for the states |S the experiment of Ref. [9] , where thousands of photons were created on the macro side. So far we have discussed the amplification process. In order to study the effects of photon loss and subsequent deamplification as shown in Figure 1 , it is most convenient to work with the Wigner function. The Wigner function corresponding to the state of Eq. (1) is given by
where
with i = A, B. X i ,P i are the position and momentum quadratures respectively.
The effect of squeezing in the phase space is simply given by the following transformation: X B → e r X B , P B → e −r P B . This implies that the Wigner function after squeezing is given by W s (X A , P A , X B , P B ) = W in (X A , P A , e r X B , e −r P B ). In the absence of photon loss, the prepared macroscopic state in arm B would now undergo the de-amplification operation S −1 , which can be realized by changing the sign of χ.
Experimentally this can be done either by inverting the phase of the pump laser or by inverting the sign of the non-linear coefficient of the second non-linear crystal, in analogy to what is done in periodic poling [24] . In practice the de-amplification will always be preceded by a certain amount of photon loss. In this case the final state is no longer exactly equal to the initial state, in particular there will be higher order excitations in the number basis (beyond one). We will first discuss only loss between S and S −1 , which is the most critical imperfection; loss before S and after S −1 will be discussed below. The effect of loss in phase space is described by a convolution [23] (9) with the attenuation kernel
(10) The Wigner function of the final state after de-squeezing is given by W s,η,s −1 (X A , P A , X B , P B ) = W s,η (X A , P A , e −r X B , e r P B ). Using Eqs. [9, 10] one can then obtain the density matrix of the final state [23] .
As mentioned above, on the B side the final state will in general have higher-order components in the Fock basis. As it is difficult to quantify entanglement in high-dimensional systems, we will here focus on the projection of the final state onto the zero and first excitation subspace for mode B, i.e
where I A is the identity operator in mode A and P B is the projection in subspace {|0 B , |1 B } in arm B. Since the local projection P B cannot create entanglement, any entanglement present in ρ p also had to be present in ρ. Similarly, any entanglement present in ρ had to be present in the micro-macro state created by the amplification stage because the loss and de-amplification are also local processes. The projected density matrix ρ p has the following form in the Fock state basis,
where p i j is the probability to find i photons in arm A and j photons in arm B; d is the coherence term between |1 A |0 B and |0 A |1 B , d ′ is the coherence between |0 A |0 B and |1 A |1 B . One should note that the projected density matrix is not normalized. In fact the success probability of projection is given by T r(ρ p ) = p 00 + p 01 + p 10 + p 11 . In the initial state p 01 = p 10 = d = as well as a new coherence. However, certain coherences are still exactly zero (under otherwise ideal conditions). This can be understood by noting that neither the Hamiltonian nor the loss can create coherence between neighboring photon number states (in a given mode). The zero elements in Eq. (12) can also be understood in term of the reflection symmetry of the initial state and attenuation kernel Eq. (10) .
To characterize entanglement we use the concurrence [25] which is defined as
where λ i are the eigenvalues in decreasing order of the Her- in a single solid-state system, where the two active non-linear sections could be separated by a non-active spacer layer. Note that the experiment would typically be performed with femtosecond pulses, so it would not be difficult to make non-active layer thick enough to contain the entire pulse. The macro component of the micro-macro entangled state would then exist for a short span of time in that spacer layer. Fig. 3(b) shows that the success probability for projecting the system into the zero-or-one photon subspace decreases as the amount of loss and the mean photon number are increased, but that it is still quite significant in the regime under consideration. Fig. 3 suggests that micro-macro entanglement involving hundreds of photons might be observable with the proposed scheme. To confirm this suggestion, it is still important to study the effect of losses before the amplification and after the de-amplification, η 1 and η 2 . These losses are harder to minimize in practice. In particular, η 2 also includes detector inefficiency. However, values of order η 1 = η 2 = 0.9 should be achievable [26] . Figure 4 shows that a substantial amount of entanglement is still present in the system under these conditions for a mean photon number n = 100. One can see that the micro-macro photon-number entanglement is much less sensitive to η 1 and η 2 than to η, similarly to the results of Ref. [15] for micro-macro polarization entanglement. The entanglement can be demonstrated experimentally by using full homodyne tomography, which was already used to demonstrate the non-locality of single-photon entanglement in Ref. [17] . In this method the full density matrix is reconstructed from the joint quadrature statistics p θ A ,θ B (X A , X B ) for different values of the local oscillator phases θ A and θ B . In particular this allows one to reconstruct the density matrix in the zero and one-photon subspace which is relevant for us here.
We have proposed to create and detect micro-macro photon-number entanglement by amplifying and then deamplifying a single-photon entangled state. In particular, the present approach should allow the creation and detection of entangled states that are superpositions of two components with very different mean photon numbers (for example, 50 and 150).
